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Matematica A — 12.° Ano

MINI-FICHA DE TRABALHO — LIMITES — PROPOSTA DE RESOLUCAO

N )’ MATEMATICA A — 12.° ANO
Recursos para Matemdtica
“Em relagdo a Matematica ndo houve, até hoje, quem lastimasse o tempo empregue no seu estudo.”
Benjamim Franklin

1. Seja (un) uma sucess&o arbitréria de elementos pertencentes ao dominio de g tal que u, — —oo. Tem-se:

in((u,)) timin((u,)*)  flimu,)) n((timu,)) (e’ )

M gz 5~ lim(—e**" -2) B lim(—e2*)~lim2 (-etmere)-2 ™) —2

limg(u,)=1i

B |n(+oo) _+o —ﬁ——oo
C e? -2 0-2 -2

Logo, pela definigao de limite segundo Heine, lim g(u,)=—

2
2y }f(1+3j (1+3) I|m(1+j ,
2.1, Tem-se que |im(un):|im(”Lj —lim 1 —lima S _ets e
n+5 5 5 5 e
/f(lJrj (1+j I|m(1+j
n n n

Assim, pela defini¢do de limite segundo Heine:
lim f (u,)= lim f(x) = lim (1+Inx)=1+ In(e?)=1+(-2)=-1

X—e™

2.2,

. (Wn) € uma progressao geomeétrica. Se r for a razdo da progressao, entéo:

3<:>r3=@<:>r3:27<:>r==\3/27<:>r:3

3 W5
Wy =" XW, <> —>=T
WZ

n W n
3". Assim, v, = —-=— e portanto:
n" n

Logo, W, =W, x r"? =9x 3" = & x s

lim| — |=lim EN R =—i=07
v, 3 .3 +00
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Pela defini¢éo de limite segundo Heine, tem-se:

—2X
Iimf(—ijzlim f(x)=lim f(x)z_—leime 1242
3 -2x | 3 3

Vn x—0" x—0" x—0"

Se x— 0 entdo —2x — 0" (limite notavel)

= Por outro lado, lim f (x)= lim (1+In x):1+ln(0*)=1+(—oo):—oo

x—0" x—0"

. Como lim f (x)= lim f (x),ndo existe lim f (x).

X—0" x—0" x—0

2.3. Tem-se:
g
i f(3x4—2)—1:”m;f+ln(:ix—2)—1i o InGx-2) L In(3x-2)
I | X1 X' -1 X—>1(x2—1)(x2+1) X—>1(x—1)(x+1)(x2+1)
CtimMCx=2) 1| ) 1
O (x=1) (x+1)(x*+1) ) ot x=1 oL (x+1)(X +1)
- In(3 1)-2
i@ IR Y)-2)
x—1 X—1 (1+1)(12+1)| 4 y-0 y
=3x=xli In(?)y-'-l):§><1=§
4 4

Se y —0entdo 3y — 0 (limite notavel)

i) Mudanca de variavel: Se x —1 entdo x—1—0 Seja y=x-1<x=y+1, y—>0.

3. Tem-se que:

2
i . n+1)" . (2n+4-n-1\" .. (n+3)" n+3) )
limx, =lim| 2———| =lim| ———— | =lim|——| =Ilim =| lim

n+2 n+2 n+2 n+2 }’{

) R PP B
o] e 8
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Assim, pela definicéo de limite segundo Heine, lim f (x,) = lim f (x)=lim Lt
x—e? x—e? |n X |n(ez)

N| -

Resposta: C

4.Tem-se que VneN, u,,, =u, —3<u,,, —u, =-3. Portanto a sucess&o (u, ) é uma progressao geométrica de

razdo —3.Logo, u, =u, +(n—-1)x(-3)=1-3(n—1)=1-3n+3=-3n+4. Assim,

U _3n+4(§limﬂzlim_—3:_—3=0

lim =
n% +2n n?+2n n? n 4o

Pela defini¢do de limite segundo Heine conclui-se que limg (Zu—"j =limg (x) e portanto lim g (x) =+00.
n° +2n x—0" x—=0"

Dos gréficos apresentados o Unico cuja fungao tende para +oo quando X tende para zero, por valores inferiores a zero,
€ o grafico da opgédo D.

Resposta: D
5.
0
0 4 3
. x5—16x3+x2—16(0j. x°—16x° +x* 16 . M(X +4X +X+4)
5.1. lim T =)I|m 2( 4) =lim ZM =
X—4 X' —4X i) x—>4 X X — X—4 X
A+ AxA 1444 65
4* 2
i) Utilizando a regra de Ruffini podemos decompor o polinémio x* —16x3 + x* —16:
1 0 -16 1 0 -16
4 4 16 0 4 16
1 4 0 1 4 0
Logo, X° =16x° +X* —16 =(x—4)(x* + 4x° + x+4)
2
(o) (\/xz—x+1+x)(\/x2—x+1—x) ( xz—x+1) —-x°
5.2. Iim(\/xz—x+1+x) = lim = lim -
X—>—00 X—>—00 fXZ_X_'_l_X X—>—0 XZ_X+1_X
. X+1— . —x+1 —x+1
=I|mX{2 )(Z/zllm =i . =
X—>—0 _ _ X—>—00 X 1 X—>—0
X2 —X+1-x \/z(l_er 2) y 2 -tel y
X -X
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_ —0 —
i) X—>—0 1 1 X—>—00
—X ’1——+—2—x —/x’( 1—1+12+1] —( ,1—1+1+1J
X X X X —00 400

~ ~1-0 11
—(M+1)_—2 2

se x>0
i) o = |x = {

.Como X —» —oo pode assumir-se que X é negativo, logo vx? = x| =—x
-X se x<0

5.3, nmﬂm (x—/ax=3)(x+Vax-3)

2
i i xz—( 4x—3)

ol X2 -1 X1 (xz—l)(x+\/m> H1(x2—1)(x+\/ém)=

_lim__ X —4x+3 ~lim (- (x-3 1_3/— =
Hl(xz—l)(x+x/4x_)) M(X”)( 4 _3) (1+1)(1+ 4X1_3)

2 1

S 2%x2 2
i) Tem-se que x*—4x+3=0<>x=1 v x=3.Logo, x*—4x+3=(x—1)(x—3)

6. Tem-se que:

"m[2n3+3n(n) }_nm(zﬁf 2In(n n}:|im[2-2'”T(”)xn—22-xnjzz—oxi-lim(xn)=

+00
=2-0x0-lim(x,)=2-1lim(x,)

Como x, >3 e x, >3, VneN,vem lim(x,)=3" e portanto 2—lim(x,)=-1"

= lim f(x)=-.

n 8 x—>-1"

_ _ o ~ [en*~In(n?)
Assim, pela defini¢éo de limite segundo Heine, lim f | ————= —x_

Resposta: A
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7.
3x
0 1 3x 3x ez -1
e b (%) -1 e2-1 1 . ez-1 1 .
71 I|mT=| 3 = N =— I|m = =—X||m 5 =
-0 281 28  x-02e* xe—2e H02e( 5*-1) —0e 1 2e x-0e -1
X
3%
3aim®
x>0 3X 3 1
1 o 1 2" 1 3 3
= x—£ =X =—x =——
_e™-1|2 -5x1 2 -10 20e
—5xlim
x—>0 —Bx
Se x—0entdo -5x —>0 ¢ 3—2X—>0 (limites notaveis)
(020)
72, lim (X' x(1,01)™*) =" lim ((=y) x(£.02) ™) = lim (=y"x(1,01)” x(201)") =
X—>—00 i) yo+o y—>+0
7 7 7
~(10,2)" x lim ——— =—(10,2)" x lim —Y—— ——(10,2)" x lim —— -
> (10,1) X+ (10,1)3) v>+(1,0303)"
=~ (10,1)'x0=0

) Mudanga de variavel: Se x — —0 entdo —x —+o0 Seja y=—X<>X=-y, Y —>+©

X P
ii)Se lim a_p =+oo (limite notével), entdo lim X—X =0,coma>1le peR e (1,01)3 =1,0303>1
X—>+o0o X X—>+0 a

3
4 (ooxO) y y
7.3. IIT(X x 3% ) = lim [LJ x3" = lim L 3><(34)y = lim 8} 7= lim %:-{-oo
x—0" i) y—o+o y—>+o0 y—>+0 yoto 3
\ﬁ (\/y) (yE) y?
limite notavel

i) Mudanca de variavel: Se x — 0" entdo iz —+o0 Seja y= iz S X = —<:>x =
X

> j?@x—%,yawo (x>0 pois x—0").
yX>

© 3 x 1 1 1
_ In(x3+x+1)[;) | In[x (1+ - +X3D _ In( )+In(1+x + 3j
7.4, lim 5 = lim 5 lim 5 =
X—>+0 X +X X—>+0 X +X X—>+0 X +X
1 1
x 1 nl+ ——+——
= lim ———=+ lim 5 = + 5 =
X400 X5 4 X Xt X% + X X—>+00 X(X +]_) (+OO) + oo
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=3|im|n—x><|im 1 +In(1+0+0):3x0xi+mz3x0x0+£=0+0=0
X0 X xode X 4] +00 +00 40 +00
\_'_l
limite notavel
0
x3+2x—3[ﬁj. (x=1)(xX*+x+3)  x_1 x—1

x4 2x-300 _ L I _
3. lim In(7x—6) » lim In(7x—6) Uﬂ?ln(?x—e)xm(x +x+3)=lim In(7x—6)x(1 +1+3)

7y :Exle

—sxlim—— Y —bxlim—— Y~ >ilim— Y-
Y—>0|n(7y+7_6) 7 y—>0|n(7y+1)m)7 7

" y>0In(7(y +1)-6)

i) Utilizando a regra de Ruffini podemos decompor o polinémio x® + 2x —3:

1 0 2 -3
1 1 1 3
1 1 3 0

Logo, X% +2x—3= (x—l)(x2 +1+ 3)

ii) Mudanca de variavel: Se x —>1 entdo x—1—0 Seja y=x—-1<>x=y+1, y—>0.

In(x+1 .
iii) Se Iing ( ):1 (limite notavel), entao I|mI
X—> X

=1.Se y—0entdo 7y ->0.
x>0In(x+1) y y

76 lim MOy In(ed) e In(xrd) e In(x+4)

x—>-3 3p2+8 _ 3a2 T o3 324642 _ 302 T o3 3e2%+6 @2 _ 3a2 - X_”3—3e2 (62(x+3) _1) =

limite notavel

I—‘—I

In(y+1) In(y+1)

— 7 lim——~
In(y-3+4) 1 y 1y y 101 1
s im— = XM= X T X5 T w?
)3 yo0 g1 e yo0 eV -1 3e . eY =113 2x1 6e

2xlim
y y—0 2y

Se y —0entdo 2y — 0 (limite notavel)

i) Mudanca de variavel: Se x — -3 entdo x+3—>0 Seja y=x+3<x=y-3, y—>0.
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0
7.7."m|n2(x2—3)@"mIn(xz+1—1—3):“mln(z@—4+1):"m In(x22—4+1)X 2x2—4 i
X2 X5 —X—=2 x»2  X°—x-2 x>2 X2_x—2 o2 2 _4 W _x_2
—|imln(xz_4+1)xlimM(X+2)=|imIn(X2_4+1)X2+2_ﬂx|imln(y+l):

i) X2 X2 —4 XHZM(X_F]_) X—2 x2—4 2+153 y—0 y
:ﬂxl:é
3 3

i) Temse que xX*—=x—-2=0<>x=2 v x=-1.Llogo, X’ —x—2=(x—-2)(x+1).

ii) Mudanca de variavel: Se x — 2 entdo x> -4 —0 Seja y=x*—4, y—>0.

In(x+3)e" —In3(%] - In(x+3)e* —e*In3+e*In3-1In3 i e’ (In(x+3)—In3)+In3(e* —1)

7.8.1im = im =
x—0 e *_-1 x—0 e X1 x—0 e *-1
e*In[ 253 In[ X +1
. 3 ) . n3(e-1) T3 el
=lim - +lim—— =lime* xlim—————=+1In3xlim— =
x—0 e X -1 x->0 e *_1 x—0 x->0 @ *_1 x-0 e X 1
« 1 In(x+1)
In[+1j fx|im37
3 3 x-0 5
— e xlim—%—— 4 In3xlim &1 —1« 3 n3xlimE—io
x>0 @ X _1 x—0 et 1 x—0 ] —e*
*X—l —lim
X e x50 —X e*
1
“x1 (ex<T)e’ 0
_8  inaxlime =L e oLl g
-1 x>0 e =1 3 — 3
X

Se x — 0 entéo 3 —0 e —x—0 (limites notaveis)
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